ITEC 451 Solutions
SECTION 4.4
1. 
From Figure 2 of Chapter 3 we see that the extreme points of the feasible region are

                 Basic Feasible Solution

H = (0, 0)   s1 = 100, s2 = 80, s3 = 40 x1 = x2 = x3 = 0

E = (40, 0)  x1 = 40, s1 = 20, s2 = 40 x2 = x3 = s3 = 0
F = (40, 20) x1 = 40, x2 = 20, s2 = 20 x3 = s1 = s3 = 0

G = (20, 60) x1 = 20, x2 = 60, s3 = 20 x3 = s1 = s2 = 0

D = (0, 80)  s1 = 20, x2 = 80, s3 = 40 s2 = x1 = x3 = 0

2. 

From Figure 4 of Chapter 3 we see that the           

correspondence is as follows:

Extreme Point              Basic Feasible Solution

E = (3.6, 1.4)            x1 = 3.6, x2 = 1.4, e1 = e2 = 0

B = (0, 14)               x2 = 14, e2 = 144, e1 = x1 = 0

C = (12, 0)               x1 = 12, e1 = 56, x2 = e2 = 0

3. 
Basic Variables Basic Feasible Solution Corner Point

x1, x2
 
x1=150 x2=100 s1=s2=0(150, 100)

     
x1, s1      x1=200, s1=150, x2=s2=0(200, 0)

     
x1, s2      x1=350, s2=-300, x2=s1=0 Infeasible

     
x2, s1      x2=400, s1=-450, x1=s2=0 Infeasible

     
x2, s2      x2=175, s2 = 225, x1=s1=0(0, 175)

    
s1, s2      s1=350, s2=400, x1=x2=0 (0, 0)
4. Let σA = 1/6, σC = 1/3 and σB = ½. Then 
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 will do the trick.

6. Suppose we are given that Ad = 0 and d>=0 and that x is feasible. Then for all c>=0,  x+cd>=0. Also A(x+cd)=Ax=b. Therefore for all c>=0 x+cd is feasible.

                 We now show that if Ad =0 and d>=0 are not both true, then d is not a direction of unboundedness. This is equivalent to showing that if d is a direction of unboundedness then both Ad =0 and d>=0 must be true. Clearly if Ad =0 is not true then x+cd is not feasible so d is not a direction of unboundedness. If d>=0 is not true then d must have an I’th component that is negative. Then for large enough c>=0 the I’th component of x+cd will be negative, so x+cd will not be feasible and d will not be a direction of unboundedness.

7. 
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 is a direction of unboundedness. As we move in this direction z increases and we stay feasible.

ITEC 451 Solutions

SECTION 4.5
1. z    x1   x2   s1   s2   s3   RHS  Ratio

  ‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑

   1   ‑3   ‑2   0    0    0    0

  ‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑

   0    2    1   1    0    0    100  50

  ‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑

   0    1    1   0    1    0    80   80     x1 enters in

  ‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑

   0    1    0   0    0    1    40   40*   row 3

  ‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑
     z    x1   x2   s1   s2   s3   RHS  Ratio    

    ‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑

     1     0   ‑2   0    0    3   120

    ‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑

     0     0    1   1    0   ‑2    20    20* Enter x2   in row 1

    ‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑

     0     0    1   0    1   ‑1    40    40

    ‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑

     0     1    0   0    0    1    40   None

    ‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑

    ‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑

     1     0    0   2    0   ‑1    160

    ‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑

     0     0    1   1    0   ‑2    20   None

    ‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑

     0     0    0  ‑1    1    1    20   20* Enter s3 in  row 2

    ‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑

     0     1    0   0    0    1    40   40

   ‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑
   ‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑   

     1     0    0   1    1    0    180

   ‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑

     0     0    1  ‑1    2    0    60

   ‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑

     0     0    0  ‑1    1    1    20

   ‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑

     0     1    0   1   ‑1    0    20

   ‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑

This is an optimal tableau so the optimal solution to the LP is z = 180, x2 = 60, x1 = 20, and s3 = 20, s1 = s2 = 0.

2.   z    x1   x2   s1   s2   RHS  Ratio

  ‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑

     1    ‑2   ‑3   0    0    0

  ‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑

     0     1    2   1    0    6    3* Enter x2 in row 1

  ‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑

     0     2    1   0    1    8    8

  ‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑

  ‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑ 

     0   ‑1/2   0  3/2   0    9

  ‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑

     0    1/2   1  1/2   0    3    6

  ‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑

     0    3/2   0 ‑1/2   1    5    10/3* Enter x1 in row 2

  ‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑

     z    x1   x2   s1   s2   RHS  Ratio

  ‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑

     0     0    0  4/3  1/3  32/3

  ‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑

     0     0    1  2/3 ‑1/3   4/3

  ‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑

     0     1    0 ‑1/3  2/3  10/3

  ‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑

This is an optimal tableau and the optimal solution is z = 32/3, x1 = 10/3, x2 = 4/3, s1 = s2 = 0.

3. z  x1   x2   x3   s1   s2   s3   RHS  Ratio

  ‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑

   1 ‑2   1    ‑1   0    0    0    0

  ‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑

   0  3   1     1   1    0    0    60   20

  ‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑

   0  1  ‑1     2   0    1    0    10   10* Enter x1 in  row 2

  ‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑

   0  1   1    ‑1   0    0    1    20   20

‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑
  ‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑

   1  0  ‑1     3   0    2    0    20

  ‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑

   0  0   4    ‑5   1   ‑3    0    30   15/2

  ‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑

   0  1  ‑1     2   0    1    0    10   None

  ‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑

   0  0   2    ‑3   0   ‑1    1    10   5* Enter x2 in  row 3

  ‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑

   z  x1   x2   x3   s1   s2   s3   RHS  Ratio

  ‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑

   1  0   0    3/2  0   3/2   1/2  25

  ‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑

   0  0   0     1   1   ‑1    ‑2   10

  ‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑

   0  1   0    1/2  0   1/2   1/2  15

  ‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑

   0  0   1   ‑3/2  0  ‑1/2   1/2  5

  ‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑

This is an optimal tableau with optimal solution z = 25, s1 = 10, x1 = 15, x2 = 5, s2 = s3 = 0.

4. Since no bfs is apparent, we cannot start the simplex algorithm. 
5. Initial Tableau

	z
	X1
	X2
	S1
	S2
	S3
	RHS

	1
	-1
	-1
	0
	0
	0
	0

	0
	4
	1
	1
	0
	0
	100

	0
	1
	1
	0
	1
	0
	80

	0
	1
	0
	0
	0
	1
	40


We could choose to enter either X1 or X2 into the basis. We arbitrarily choose to enter X2 into basis. Row 2 is the pivot row yielding the following (optimal) tableau.

	z
	X1
	X2
	S1
	S2
	S3
	RHS

	1
	0
	0
	0
	1
	0
	80

	0
	3
	0
	1
	-1
	0
	20

	0
	1
	1
	0
	1
	0
	80

	0
	1
	0
	0
	0
	1
	40


Optimal solution is z = 80, x1=0, x2=80, s1=s2=0, s3=40.

6.

	z
	X1
	X2
	X3
	S1
	S2
	S3
	RHS

	1
	-1
	-1
	-1
	0
	0
	0
	0

	0
	1
	2
	2
	1
	0
	0
	20

	0
	2
	1
	2
	0
	1
	0
	20

	0
	2
	2
	1
	0
	0
	1
	20


We arbitrarily choose X1 to enter basis. Then we arbitrarily choose X1 to enter the basis in ROW 3. The resulting tableau follows:
	Z
	X1
	X2
	X3
	S1
	S2
	S3
	RHS

	1
	0
	0
	-.5
	0
	0
	.5
	10

	0
	0
	1
	1.5
	1
	0
	-.5
	10

	0
	0
	-1
	1
	0
	1
	-1
	0

	0
	1
	1
	.5
	0
	0
	.5
	10


Now X3 enters basis in Row 2. The resulting tableau follows:

	Z
	X1
	X2
	X3
	S1
	S2
	S3
	RHS

	1
	0
	-.5
	0
	0
	.5
	0
	10

	0
	0
	2.5
	0
	1
	-1.5
	1
	10

	0
	0
	-1
	1
	0
	1
	-1
	0

	0
	1
	1.5
	0
	0
	-.5
	1
	10


X2 enters basis in ROW 1 yielding the following optimal tableau:

	Z
	X1
	X2
	X3
	S1
	S2
	S3
	RHS

	1
	0
	0
	0
	.2
	.2
	.2
	12

	0
	0
	1
	0
	.4
	-.6
	.4
	4

	0
	0
	0
	1
	.4
	.4
	-.6
	4

	0
	1
	0
	0
	-.6
	.4
	.4
	4


The optimal solution to the LP is Z=12, X1=X2=X3=4.
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