Chapter 2 Basic Linear Algebra

Solutions to Review Problems
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   We now find that x3 = k, x1 = ‑1 + k, x2 = 3 ‑ k

2. 
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 Thus 
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4.  
[image: image13.wmf]ú

ú

ú

û

ù

ê

ê

ê

ë

é

2

1

3

2

1

1

1

3

2

 
[image: image14.wmf]ú

ú

ú

û

ù

ê

ê

ê

ë

é

2

1

2

/

3

2

1

1

1

2

/

3

1

 
[image: image15.wmf]ú

ú

ú

û

ù

-

ê

ê

ê

ë

é

-

2

2

/

1

2

/

3

2

1

2

/

1

0

2

/

3

1




[image: image16.wmf]ú

ú

ú

û

ù

-

ê

ê

ê

ë

é

-

2

/

1

2

/

1

2

/

3

2

/

1

0

2

/

1

0

2

/

3

1

 
[image: image17.wmf]ú

ú

ú

û

ù

ê

ê

ê

ë

é

2

/

1

1

2

/

3

2

/

1

0

1

0

2

/

3

1

 
[image: image18.wmf]ú

ú

ú

û

ù

ê

ê

ê

ë

é

2

/

1

1

0

2

/

1

0

1

0

0

1

 
[image: image19.wmf]ú

ú

ú

û

ù

ê

ê

ê

ë

é

0

1

0

0

0

1

0

0

1


Thus x1 = 0 and x2 = 1 is the unique solution

5. 
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 Thus  
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6.  
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7. 
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 Thus the unique solution is x1 = 1, x2 = 1.

8.  
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   Thus   
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9. Ct+1 = .94Ct and At+1 = .05Ct + .97At. Using matrix notation we obtain
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10. 
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   The row [0 0 0 |‑1] indicates that the original equation system has no solution.

11.  
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                    Thus  
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12. Rt+1 = .9Rt + .2Ct and Ct+1 = .1Rt + .8Ct. Using matrix 

notation we obtain
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13.  
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  The last matrix has rank 2, thus the original set of vectors is linearly independent.

14. 
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  The last matrix has rank 2<3, so the original set of vectors is linearly dependent.

15. Only if a, b, c and d are all non‑zero will rank A=4. Thus  

 A‑1 exists if and only if all of a, b, c, and d are non‑zero.

15b. Applying the Gauss‑Jordan Method we find that if a, b, c, and d are all non‑zero

A‑1 =  
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16.  
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Thus x4 = c, x1 = 1 + c, x2 = 1 ‑ c, x3 = 3 ‑ c yields an infinite number of solutions to the original system of equations. 

17. Let s=state tax paid. f=federal tax paid, and b=bonus paid to employees. Then s, f, and b must satisfy the following system of equations:

                        b = .05(60,000 ‑ f ‑ s)

                        s = .05(60,000 ‑ b)

                        f = .40(60,000 ‑ b ‑ s)

18. Expanding by row 2 cofactors we obtain

 (‑1)2+1(1) det  
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19. Let      

A =  
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be a 2x2 matrix that does not have an inverse. 

 If a = b = c = d = 0, then det A = 0. Now assume at least one element of A is nonzero (for the sake of definiteness assume that a/=0). If det A /=0 (that is, if ad ‑ bc/=0) then in applying ero's to the matrix A|I2, A is transformed into the identity and  A will have an inverse. However, if det A = 0, then the second row of A will be transformed into [0 0], and A will not have an inverse.

20a. Since rank A = m and the system has m variables, N will be empty and the unique solution to Ax = 0 will be x1 = x2 =...= xm = 0.

20b. If rank A < m, the Gauss‑Jordan Method will yield at least one row of 0's on the bottom (with the right hand side for each of these equations still being 0). Thus N will be non‑empty and we will be in Case 3 (an infinite number of solutions).

21. The given system may be written in the form Ax = 0 where

A =   
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   Now use ero's as follows: Replace row 1 of A by (row 1 of A) + (row 2 of A). Then replace the new row 1 by (new row 1) + (row 3). Continue in this fashion until you have replaced the current row 1 by (current row 1) + (row n). The resulting matrix will have the following as its first row:

[1‑p11‑p12‑...‑p1n 1‑p21‑p22‑...‑p2n  ...  1‑pn1‑pn2‑...‑pnn]

= [0 0 ... 0], where the last equality follows from the fact that the sum of all the entries in each row of A is equal to 1.

   This shows that A has at most n ‑ 1 independent rows. Thus rank A can be at most n ‑ 1. Problem 20 now shows that Ax=0 (and the original system) has an infinite number of solutions. 

                 
steel  cars  machines

         steel     
.30    .45     .40

22a. A = cars      
.15    .20     .10 

         machines   .40    .10     .45

Since (Total Steel Produced) = (Steel Consumed) + (Steel used to produce steel, cars and machines),

                         s = ds + .3s + .45c + .4m.

Similarly   we find that 

                         c = dc + .15s + .20c + .10m

and                     

                         m = dm + .40s + .10c + .45m.

In matrix form we obtain the following linear system


[image: image76.wmf]ú

ú

ú

û

ù

ê

ê

ê

ë

é

m

c

s

 = 
[image: image77.wmf]ú

ú

ú

û

ù

ê

ê

ê

ë

é

d

d

d

m

c

s

 + 
[image: image78.wmf]ú

ú

ú

û

ù

ê

ê

ê

ë

é

45

.

10

.

40

.

10

.

20

.

15

.

40

.

45

.

30

.

 
[image: image79.wmf]ú

ú

ú

û

ù

ê

ê

ê

ë

é

m

c

s


22c. Just write 
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 from both sides of the answer to 22b.

22d. From our answer to 22c, we find that
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  ADVANCE \R 8.60
   If s(0,c(0, and m(0, then Seriland can meet the required demands. If any of s, c, and m are negative, then Seriland cannot meet the required demands.

22e. Before we increase the amount of required steel by $1,
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  After increasing amount of required steel by 1,


[image: image87.wmf]ú

ú

ú

û

ù

ê

ê

ê

ë

é

m

c

s

  =(I‑A)‑1  
[image: image88.wmf]ú

ú

ú

û

ù

ê

ê

ê

ë

é

+

d

d

d

m

c

s

1

 =  Original  
[image: image89.wmf]ú

ú

ú

û

ù

ê

ê

ê

ë

é

m

c

s
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  Thus increasing steel requirements by $1 increases demand for steel by element 1‑1 of (I‑A)‑1,increases demand for cars by element 2‑1 of (I‑A)‑1, and increases demand for machines by  element 3‑1 of (I‑A)‑1.
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