2-Phase Example:

Problem description: We have 3 different liquids that can be blended to make a 5-oz cocktail. 


-Each unit of liq1 has 2 units alcohol and 3 units juice. Cost is $3.


-Each unit of liq2 has 3 units alcohol and 1 unit juice. Cost is $2.


-Each unit of liq3 has 1 unit alcohol and 2 units juice. Cost is $1.


-Final mixture must have exactly 3 units of alcohol and 2 units juice.


-Objective is to minimize cost.


min
z =
+3x1 
+2x2 
+ x3 


s.t.




+2x1 
+3x2 
+ x3 
= 3
(alcohol)




+3x1
+ x2
+2x3 
= 2
(juice)




  x1 ,
  x2 ,
  x3
( 0

Due to the = constraints, we can't add slack variables. Here we add an "artificial" variable for each = or ( constraint, in this case a4 and a5. An artificial variable cannot be positive (i.e. in the basis) in the final solution or the corresponding constraint will be violated. We obtain:
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We use the book notation (use z, not -z in the tableau. For maximization, always take largest negative z value for entering variable. For minimization take the largest positive z value.)

To get a starting basic feasible solution for the simplex method, we must get a4 and a5 out of the basis. To do this, we first replace the original objective function, z, with w, the objective of minimizing the sum of the artificial variables. Using w wilil force them out of the basis. Thus, the Phase 1 problem is
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In tableau form this is:

             w     x1     x2     x3     a4     a5     rhs   

      w       1     0      0      0    -1     -1      0

      a4      0     2      3      1     1      0      3

      a5      0     3      1      2     0      1      2   
Before starting Phase 1, put w row into canonical form:

      w       1     0      0      0    -1     -1      0

first add a4 row to w row:

      w       1     2      3      1     0     -1      3

then add a5 row to z row to get initial Phase 1 tableau:

             w     x1     x2     x3     a4     a5     rhs   

      w       1     5      4      3     0      0      5
      a4      0     2      3      1     1      0      3

      a5      0     3      1      2     0      1      2   

Note: After each iteration, be sure to plug the variable values into the objective function (w or z) and the constraint equations above to double check that the constraints are satisfied and the z value is correct.
Since Phase 1 is always minimization, we pick the largest positive value in the z row.
x1 enters, a5 leaves:

             w     x1     x2     x3     a4     a5     rhs   

      w       1     0     7/3   -1/3    0    -5/3    5/3    adding -5*(new x1)

      a4      0     0     7/3   -1/3    1    -2/3    5/3    adding -2*(new x1)

      x1      0     1     1/3    2/3    0     1/3    2/3    multiplying by 1/3

x2 enters, a4 leaves:

             w     x1     x2     x3     a4     a5     rhs   

      w       1     0      0      0    -1     -1      0     subtracting old a4
      x2      0     0      1    -1/7   3/7   -2/7    5/7    multiplying by 3/7
      x1      0     1      0     5/7  -1/7    3/7    3/7    adding -1/7*(old a4)
There are no more positive values in the w row, so this tableau is optimal for Phase 1! Since the artificial variables have left the basis and the optimal value of w = 0, we can go ahead and solve the Phase 2 problem. The a4 and a5 columns can be dropped from the problem at this point.
The starting bfs for Phase 2 is x1=3/7, and x2=5/7. For Phase 2 we replace w with the original objective function z to iterate to the optimal solution.  
             z     x1     x2     x3     a4     a5     rhs   

      z       1    -3     -2     -1                   0     

      x2      0     0      1    -1/7                 5/7    

      x1      0     1      0     5/7                 3/7    

Before starting Phase 2, must put the z row into canonical form:

      z       1    -3     -2     -1                   0     

first add 3*(x1 row) to z row:

      z       1     0     -2     8/7                 9/7

then to this add 2*(x2 row) to get the z row in canonical form for Phase 2. The tableau below is then used as the starting point for Phase 2 iterations. For this problem, z is also minimization, so we again take the largest positive value in the z row as entering variable.
             z     x1     x2     x3     a4     a5     rhs   

      z       1     0      0     6/7                19/7
      x2      0     0      1    -1/7                 5/7    

      x1      0     1      0     5/7                 3/7    

x3 enters, x1 leaves
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              1   -6/5     0      0                  11/5   adding 6/7*(new x3)
      x2      0    1/5     1      0                   4/5   adding 1/7*(new x3)
      x3      0    7/5     0      1                   3/5   times 7/5


Now there are no more positive values in the z row, so this Phase 2 tableau is optimal!
The optimal solution is x2=4/5, and x3=3/5. The optimal value of z is z = 11/5. Checking the answers, 4/5 units of liquid 2 and 3/5 units of liquid 3 gives an optimal cost of $2(4/5)+$1(3/5) = $11/5. Both original constraints are also satisfied.
