Section 1: Modular Arithmetic

HW # 1-4 p. 13 at the end of the notes

In this section, we discuss the basics of rings and fields. As we will see, the most basic
number systems that we are accustomed to working with are examples of rings and fields.
First, we review some basic set notation and then the basics of modular arithmetic.

Notation for Special Sets
Recall that a set is a collection of objects enclosed in braces. The objects in the sets are
call elements. If a is an element of a set, we write a € 5 . For example, 2 € {1, 2,3, 4} but

S¢&)l,2,3,4}. Sets can have both a finite and an infinite number of clements. The
following represents special notations that are used for widely known infinite sets.

Notation for Special Sets

1. Z=the set of integers {.‘Ww .
2. @ = the set of rational numbers (numbers that can be expressed as the quotient ™ of
n

two integers m and n, where n= 0.
R = the set of real numbers.
e —

—

L]

4. 77,0", and R* represent the set of positive integers, positive rational numbers, and
positive real numbers, respectively. For example, Z* =1{1,2,3,4,5,6,...}.

5. C = the set of complex numbers, that is, numbers of the form a + bi, were i is the
_—

imaginary unit given by 7 = +/—1 . Examples of the complex numbers include 2 + 3i

—

3
and 4 -=i.
2
* * L4 * - . .
6. Z ,0 , R ,and C represent the set of non-zero integers, non-zero rational

—=
numbers, non-zero real numbers, and non-zero complex numbers, respectively. For

example, 2" ={..,-5, —4,-3,-2,-1,1,2.3.4,5,..}.
7. M, (R) represent the set of »x n matrices with real entries. The matrices

— —
3 =30 | 1
3 -6 1|and are examples.
2 3
-1 1 0
—
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Modular Arithmetic
To begin, we first review what it means to divide two numbers..

Definition 1.1: We say that a divides b, denoted as a | b, 1f b = ka for some integer £.

For instance, we know that 7| 21 since 21 =3.7. However, we know that 5 | 21 since
there is no integer multiple of 5 that gives 21. Dividing two numbers gives a special case

of the division algorithm, which we state next. - =
—

computing bere is exactly one pair of integers g (called the guotient) and r
(called the Femainder) such that

— Tiwm
b < ’?Wher@—m&' Q> o /L\

This leads into the definition of modular arithmetic. —_—

W
Division algui‘il i: Let m be a positive integer ( m = 0) and let 5 be w When 1 ’ .L

Definition 1.2: Given two integers a,b € Z and a positive integer me Z ', we say that a
R

is congruent to b modulo m, written
——
a=bh{modm)
_—
if m|{(a—b). The number m is called the modulus of the congruence.
—_—

Example 1: Explain why 23 = 3(mod5), 48 = 12 (mod 6) but 20 # 3{mod4).

—_— —_—
Solution: 23 = 3(mod5) and 48 = 12 (mod 6) since 5](23-3) or 5|20 and 6(48-12)
or 636, However, 20# 3(mod4) since 4/ (20-3) or 4[17.

l
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Theorem 1.3: a = b (modm) if and only if a = b+ km for some integer &
—

Proof: Slwapjc a = L @J "1)

& i /@‘é) DAt en N
0'/4 - k“”/ L i« 49 WZ‘/{/‘ ﬁ./u,s./,//

ﬂ:}vLLW; ﬂif’

—

c/;—%.
(4,_,>

Fact: Computationally, b (modm) gives the integer remainder of b+ m. We say that
a = b(modm) if @ and b produce the same integer remainder upon division by m.
——

For example, 23 = 8 (mod 5) since both 23 and 8 produce are remainder of 3 when
divided by 5, that is 23 (mod5) =3 and 8({mod5)=3. We can write 23 = 8= 3(mod5).

—_—
P —_—

Note: When performing modular arithmetic computationally, the remainder r should
never be negative. Hence, when finding the remainder for & (modm) , look for the nearest
—_——

integer that m divides that is less than b, E—
—_— —
Example 2: Compare computing 23 (mod9) with =23 (mod9).

Solution: & s %L)C m(g/({‘/éf /47[6,/1 /’[5_( %qu
2]@&/@@ 23 7%4% g 54//4/7 %/,,/1/ [?Z: [&
<

l./t/é a //.44,44//,\ P

- 7‘/4 /lc/ch n/-f// /&/f //44"
fgou/qi:yk 27 13 7y e Ineser =
’ . j -2 ]Ak&z[‘ //J/f/f_g f(/[n/7 W’/Z/ u (/f""4r7”£/‘
7

12 fud 1) g/ 42 (il 12) @
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Doing Modular Arithmetic For Larger Numbers With A Calculator

———

To do modular arithmetic with a calculator, we use the fact from the division algorithm

that .
LT‘M *? h=gm+r,

and solve for the remainder to obtain

r=h—qm.
-
We put this result in division tableau format as follows:

M‘}l” q € Take Floor of Quotient (largest integer

b2 less than calculator value of b+ m ).
——

(1

m |
4

—gqm
h—gm=r <— Remainder

Example 3: Compute 1024 (mod 37) ¢ 6,

Solution:

27,67

neasy + m

b lecr 1€ 27
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Example 4: Compute 500234 (mod 10301)

500234

10301
is 48. Hence, we assign g = floor(48.6) = 48. If we let b= 500234 and m = 10301 in (2),
then

Solution: Using a calculator, we obtain ~ 48.6. The largest integer less than 48.6

48

10301)500234 .

—494448
5786

The remainder of the division is » = 5786. Hence, 500234 (mod 10301) = 5786.

e

Example 5: Compute —3071 (mod107)

—_—

Solution: Using a calculator, we obtain _13{;);1 ~ —28.7. The largest integer less than

=

—28.7 is —29. Hence, we assign g = floor(-28.7) = -29. If we let b= -3071 and m =107
in (2), then =~

M'b/‘ _22

107j -3071
=2

— 3103

32

—_—

Thus, —3071(mod107) =32

Generalization of Modular Arithmetic

Fact: The common remainder of two numbers have when they are divided can be used to
define a congruence class. The remainder r will be the smallest positive integer in the

congruence class. Suppose r is the remainder of x divided by m, that is
—— /\

x = r (modm).
 ——

Theorem 1 says that then

x =r+km, where k is an integer.

\
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Example 6: Find all elements of the congruence class x =4 (mod 7).

bl > xz 4+70) =
k=2 = x= 442(9 = I§
k-5 X= Y - -1) - -

Example 7 Find congruence class 2 modulo 7.

Solution:

Solution: X = %71/ ’]k/ k s 44 ‘71%7[/\

+7 47

K1 47 +7

—

g=4. .n o 3 4l 5/2-(32 »

J
5‘# f’L I 1L‘ﬂ/_r @ VG A e
AN YT

V‘ 7
E: f oo 5,2,q,06, 25 35,

5

Note: For x = b (mod 7)., the set of distinct congruence classes are 0, 1, 2, 3, 4, 3,
and 6. This partitions the integers Z into disjoint subsets. _
—_—

Fact: Given x = b (modm), Z can be partitioned into distinct congruence classes of the
form

Definition 3: We define the set of integers modulo m, denoted by 7, as the set
——

Z, =10 L2353 . .m-1}

Forexample, Z, =10,1,2,3, 4.5} and Z5, ={0,1,2,3,...49} . Informally, Z,, represents
all for the possmders in modutom-arithmetic. This set will be important

when we study later concepts.
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The Greatest Common Divisor of Two Numbers

The greatest common divisor of two numbers, denoted as ged(a.b), is the largest number
that divides @ and b evenly with no remainder. For example, ged(10, 20). = 10 and
ged(72, 108) = 36. Find the greatest common division of two numbers becomes more
difficult is the numbers become larger. However, there is a well known method known as
the Euclidean algorithm that will allows us to find the greatest common divisor of larger
numbers which we state next.

The Euclidean Algorithm

The Euclidean Algorithm makes repeated use of the division algorithm to find the greatest
common divisor of two positive integers. If we are given two positive integers a and b
where a = b, then if b| a, then ged(a,b) =b, If b | a, then we compute

FE
- a=qb+n
b=r = f’ij"g’l Vﬁ///‘ Slfﬂtzéj

V\])JQJ n=qs3h +n3 /
f"z = Q413+ 1y @Ué v S }
Fo—3 = dp-11y-2 + P
),

— (=
P2 = q""”z\ﬂ‘i ged(a,b)
—

Fud = Gualy t 0
<

The last nonzero remainder, r,, is the greatest common divisor of @ and b, that is,

ged(a,b)=1,. I
Note: In general, we can write each equation of the Euclidean Algorithm Table as
Bl =i 1+

Here, we can assign 7| =a and 1y = 5.
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Yir SUAF Gutrate |

C/‘“ ll'/tﬂ’l ﬁ / 24
Example 8: F[ndythe greatest common divisor of @ = 2299 and b = 627, 3 2 244 6 2 7
Solution: a 7$ ) 5‘!4/# wt“l a "L 627 2274 = 5. 62
% » "1 5581

2244 — S . 427 (7L/ﬂ§ Y1 § < v
L27 ﬁw(y /}Z‘Zj %Lffﬂm e %ﬁ
- e 4if (627

41§ ‘f{ gof + L v g

209 £ N

y 2244 ¢27
ol /'j P

Example 9: Find the greatest common divisor of @ = ‘34"21 and b= 98?‘3

Solution: Noting that 54321 > 9875 and applying the Euclidean algonthm gives

£
5431 59§75+ 4946 7;7_(“_("{.?2[

9875 = 1.49467 4929 -
4929417 7473575

4946 =1.4929+17
4929 =289.17+16
17 = 1-16 {71) « ged(54321.9875) p/q;/( = N

16 =1-16+0

Since the last non-zero remainder s 1, ged(54321, 9875)= 1.

— 4
ey 4o Su32 (

D

781§

PTENS g15 = 2182 £~ T
ca32] 45615 7915 5 = ST

sq5el— 1878 b —

4875
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Theorem 1.4: For any two positive integers a and b, there are integers # and v where
m— PR

an + bv = ged(a, b)
- T ==
Fact: When executing the Euclidean algorithm equations,

a=qb+n
b=qyn +1;
n=dqsn+i3

Iy =qqly +7y

Taos = p-1lp-2 T a1

T2 =plu Ty

Tl = Gl + n

We can create a table to determine the ged(a,b)=r,,, u, and v as follows:

—5 ,//[471./%/ W@YLV'Y [L /6

Row Q R

Z -1 -= a
0 - = b
1

-

| 1

2 q2 )

. _' ——

i q; r; u; v

n (!H U n ﬂﬂ 1’”
——

Notes
1. The quotients under Q and remainders under R are computed using the basic Euclidean
algorithm process. The table is complete when r,,; = 0. The last non-zero remainder

r, is the greatest common divisor of @ and b, that is, ged(a,b) =7r,,.
2. The u;'s under U and v,'s under V are found using the formulas

3. Forrow i, we have au, + bv; = r;. The values w and v where qu + bv = ged(a,b) are

found in the last row where au,, +bv, =r, = ged(a,b). Thatis, u=wu, and v=1v,.

~_ -
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10

Example 10: Use an Euclidean algorithm table to find values » and v where
an + v = geda,b) fora=2299 and b =627.

Solution:

Con Comntle 8, 74} (2269 527)

/o yam,

Pow [ 2277 = f (27 + 'M/

b2 G629 = 1 mip 4 220 < gad
q1f = 2. 209 4~ 2

Table u;l ; M;.H = lib_'_'/ i
Row @ N o= U~ Fly
oy — (=d=2201 U= U=0 y | - 3-0
0 - pebeer hpmo Y= y=1-0=I
=J /o= ¥ ) — ' V ;’j
! $.=- [ = ‘f__? [ u, = U, - g&u,
2 il’_‘:él [, = 201 ,42;-/ J, = 4 “&-0- Lo
== , =
U 44/ V U, = o-10= —/
yow wcﬂ4 t/("’@m///z"
g, Hat g0 7%/755/ |/S Vit = Vi~ %in Ve
- U -4,V
Chedke' RN WJéd/ L/ I :///"0 ‘lfﬂ/i" —03
- _. Mol =
) He2) ) = 201 L=, - % V)
204 = 204 | ==Y
= 1+ 3= Y
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Example 11: Use an Euclidean algorithm table to find values # and v where

au +bv = ged(a,b) fora= 54321 and b = 9875.

Solution: From Example 9, we ran the Euclidean Algorithm to find that
ged (54321, 9875) = 1 using the following procgis: r

Rowl: 54321= 5:9875+4946

Row2: 9875 = 1 4946+4929

Row3: 4946 = 1.4929417

Row4: 4929 = 289.-17+16

Row5: 17 = 1-16+1 € (/
16 = 16-140

/‘, = ‘f{‘/é
/, - Y929

Hence, the ged(54321,9875) =1. Setting #_; =1,v_; =0 and #, =0 and v, =1 and using
—————

the equations

Ui =M =G Uy Vi =V =i Vs
—_—_—_—
P
gives the following calculation for each row.

Rowl: g =51 =4946, vy =u_j —quy =1-5-0=1-0=1, vy =v_ —qv; =0-5:1=0-5=-5.
— C——

Row2: g, =11, =4929, uy =uy —qo1y =0-1-1=0-1=-1, v, =vy —gov, =1-1-(-5)=1+5=6.

Row3: g3 =1L =17, u3=u;—qs1t, =1=-1-(-1)=1+1=2, vy =v; —q3v, ==5-1-6=-5-6=—11.

Row4: g4 =289,r, =16, uy =1y —qut3 =-1-289.2=-1-579 = -579,
Vg =¥y — vy = 6-289-(~11) = 6+3179 = 3185.

Row5: gs =115 =1, us =u3 —qsuy =2-1-(-579) =2 +579 = 581,
Vs = vy —qsvy = —11-1.3185 = —11-3185 = -3196..

The previous results give the following Euclidean Algorithm Table:

Row Q R U %
-1 ——  a=54321 u ;=1 wv,;=0
0 ——  b=9875 wuy=0 vy=
1 5 4946 1 -5
2 1 4929 -1 6
3 1 17 2 =11
4 289 16 -579 3185

5 1 581 -3196

_ ML‘='_=

continued on next page
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From the last row, we see that # = w5 =581 and v = v5 =—3196. This answer can be

verified by checking - ’

au + by = (54321)(581) + (9875)(=3196) = 31560501 — 31560500 = 1 = ged(a., b) .

—_——
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Exercises

1. For the following, used the division algorithm to compute b + m. State the quotient ¢
and remainder r for the division. Use the result to compute » (modm) .

a. b=30,m=17.

b. b=-30,m=17.

c. b=100,m=26.

d. 5=-100, m=26.

e. b=2047, m=137.

f. b=123129, m=10371.

g. b=-319212, m=31233.
2. Use the Euclidean Algorithm to find the greatest common divisor of the following

numbers.

a. 72 and 300.

b. 629

c. 52598 and 2541
d. 3854682 and 1095939
e. 101 and 127.

3. For each exercise for Exercise 2, assign a and b and generate an Euclidean algorithm
=7 table to find integers # and v where au + bv = ged(a,b) . -

—

4. Find the set of elements that make up the following congruence classes.
a. The elements of the congruence class x =3 (mod7).

b. The elements of the congruence class x =7 (mod11).
c. The elements of the congruence class x = 2 (mod26).
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