Section 2: Rings and Fields
HW p. 10 # 1-9 at the end of the notes

In this section, we discuss the basics of rings and fields.
Rings

Definition 2.1: A ring < R, +,- > is a non-empty set R with two binary operations + and
-, normally called additjon and multig]ication, defined on R such that R is closed ander +

and -, thatisfor a,be R, a+he R and a-b € R, and where the following axioms are
— —— p—
satisfied for all a,b,ce R: _—

. R,: <R,+> is anabelian group, that is
a. (a+bh)+c=a+(b+c) (Associatively under + is satisfied)
b. For each a € R, there exists an identity 0 € R were

g;ﬁ =Qta=a (R hasan additive Identity)
wd= acve

c. For each a € R, there exists an —a € R where
a:_:\(—a) = (—a)__+_ a=0 "(Fach element in R has an additive inverse)

d a+b=bh+a (Addition is commutative)
2. 73—2: (ab)c = a(bc) (Associativity under - is satisfied)
3. Ry:a(b+c)=ab+ac (Left and Right Distributive laws are satisfied)

(a+b)c=ac+bc

\

Definition 2.2: A commutative ring is a ring R that satisfies ab = ba for all a,b e R (it
is commutative under multiplication). Note that rings are always by condition 1
commutative under addition.

Definition 2.3: A ring with unity is a ring with the multiplicative identity, that is, there
exists 1€ R where a-1=1-a=a forall acR. — -

—— —
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Examples of Rings

Example 1: Show that the integers < Z, +,- > represents a ring.

Solution: The integers < Z, +,- = represents a ring. For a, b Z, it is known that Z is
closed under +and -, thatis a+be Z and a-be Z. For a, b,zﬁc_nmmxl
show it satisfied the 3 pmpl:rlim ring.
I, Ry: < Z,+ > is known to be an an abelian group, that is
a (a+h)+c=a+(h+c) (Z1s known to be associative under +)
b. For each a & Z , there exists an identity zero given by 0g 7 were
a+0=0+a=a (0isthe known additive identity element in the integers)
c. Foreach @ e Z , there exists an —g e Z where
a+(—a)=(—a)+a=0 (Each element in Z has an additive inverse obtained by
negating the element)

da+b=b+a (Z is known to be commutative under +)
2. Ry (abic = alhe) (Z 15 known to be associative under -)
3. Ry:alb+c)=ab+ac  (Left and Right Distributive laws are known to hold in the
(a+h)e =ac+be integers.)

—_—

Notes:
i.  Zis a commutative ring since the integers are known to be commutative under
PO e - —_—
multiplication, that is ab = ba for all a.he Z.

i, Zhasunity | since l-a=a-l=a forall as 7.

e
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Definition 2.4: The Cartesian product of the groups Gy, G,,..., G, is the set

n

(ay,as,...,a,), where a, € G, for i=1,2,...,n. We'denote the Cartesian product by
= A

Gy xGyx--xG, :HG,—.
i=1

Recall that a group G is a non-empty set that is closed under a binary operation * that
satisfy the following 3 axioms

1. Associativity: Forall a,b,ce G, (a*b)*c=a*(b*c).

2. Identity: For any a € (5, there exists an e € ¢ where a*e=e*a=a.

. . —1 .
3. Inverse: For each a € (7, there exists an element @ = (G where

1 -1
=a *a=e.

a*a”
Fact: The Cartesian product () x (7, x++-x (7, forms a group under the binary operation
(a|"a‘2"'"" an)(bl"bz"”"bn) = (albl’azbl""’alrbiv )-, ai'!bf = (;: .
—

—_— == ==

Proof: Note that G is closed. This is true because, since each G; is a group, each G, is

closed and a;b; € G; for any a;,b; € GG, . Hence

i
(a\by, asb,,...,a,b,) € G x G, x---x G, since a;b; € G,
We next prove the 3 group properties.

1. Associativity: Let x, y,z€ Gy x Gy x---x G, . Then x =(ay,a,,...,a,),
yv=(b,b,y,....,b,),and z = (¢}, c5,...,¢,) where a;,b;,c; € G;. It can be show that
both (xy)z and x(yz) equal (a;bic|, asbyc5,...,a,b,c,). Hence, G x G, x---x G,
1s associative.

2. Identity: The identity is given by e = (e, e,,...,¢e,), where each ¢, is the identity for
the group G, . Note that forx = (a;, a;,...,a,), we have

xe=(a,as,...,a,)Me;.e,....,e,)=(aje,ase,,...,a,e,) =(a;,a,,....,a,) = x.

Similarly, we can show ex = x.

3. Inverse. For each q, € G, a’'e G, since (; is a group. Hence, the inverse of

i
x=(a;,a,...,a,) is X7 :(a]_',agl,...,a;']‘Note that

-1 -1 -l
xx— =(ay,ay,....a,)a; ,a,

Similarly, ylx=e.

Hence, by definition, G| x G, x---x (G,, is a group.
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Example 3: ring under addition and multiplication.

_—

Solution: Let a,b,c € 4Z < Z. Then a = (4s).1,), b= (45,.1,),and ¢ = (455.1;) where
e —

——————— . —— .
§a {12859, 15, 53,43 € £. Note that 47 x Z 1s closed under + and - since
————

a+b=(4s,0)+(d55.05) = (ds) + 4850 + 1) = (s +5, ) +15)edZx L.
~— ———— —_— e —_—

and

a-b=(4s, 1) (4s2,05) = (16585015 ) = (Hdsy 5, )01, ) e dZ = £
—_— —— - ———

We now demonstrate that this set satisfies the 3 properties for a ring,
R : 47 % Z is an abelian group under + since

1) 47 = Z 1s assoclative under + since
(a+b)+c=[(4s1.0))+ (455,45 )]+ (455.45)
=(ds; + 55,0 +13)+(453.05)
= (ds, + A5, + A5y +15 1 13)
= (s )+ (dsy + 485,05 +15)
= (4510 +[(ds5, 05 )+ (ds3.15)]
=a+(h+c¢)

i) 0=(0,0) € 47 x Z serves as the identity under + since
- -

a+0= (4.4 )+(0,0) = (4s) + 0.0 +0) = (4s.4)) = (0+ 45,0+ 1) = (0,0) + (4s1,1)) =0 +a
— —_—— _—

—

iii) For a =(4s,,1;), then —a =(-4s.~1;) € 42 x Z serves as the additive inverse since
-

—————
a+(—a)=(4s;, 1)+ (45 ~1)) = (4s) =450y = 1))
=(0,0)

=(—ds) +ds; 1, +1,)
= (=45~ )+ (4s).1))
=(=a)+a

iv) 47 = Z is abelian under + since

——

a+b=(ds. )+ (455,05 ) = (ds) + 455,10 1) = (45, +4s), 05 +1)) = (4550 + (45, 0)) =b+a
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Ry : 4Z < Z is associative under multiplication.

(ab)e =[(4s).0) )4s4.15)](455.15)
=(4s 455,000, W 455, 05)
= (45,45, 455.1,(213)
= (45,0 Hdss 454, 0405)
= (A5 0 )[(452.15 ) 455.03)]
= alhc)

R : The distributive laws hold. For example,

alb+c)= (s, 0 )[(4s5,02) +(455.75)]
=(dsp. 0 048, +454,05 +13)
= (45 {45y +ds3 )00 +13))

=(ds ds, +ds ds3, 000 +113) % Z'X % Ij [émw“v /4/)){’

= (4 455,005 )+ (45 ds5.0015)
= (s, 055,00 ) + (41,0 W55, 05) ua ”//“ o

=ab+ac

A similar argument can be used to show (a+ b)e = ac + be

Since all of the properties hold, 47 « Z is a ring.

Une /7 1/ [{MF'Y/P
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Example 4: Compute (-4, T) (2, 8)in 2y =2y,
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Note: The set of m x n matrices with entries in a ring R is an example of a non-
commutative ring since matrix multiplication is known not to bé commutative.

—

Theorem 2.5: If R is a ring with additive identity of 0, then for any a,b € R, we have

I. 0a=a0=0. —
2. a(=b) = (-a)b =—(ab)

3. (-a)(-by=ab T
== =

Proof:

1.

2. We show that a(—h) =—(ab).
Now, a(=by+ab=a(-b+b)=a(0)=0.
Then, adding - (ab) to both sides gives

a(=b)+ab +—(ab) =0+ —(ab)
a(—b)+0=—(ab)
a(=b) = —(ab)

Similarly, it can be shown that (—a)b = —(ab).

3. Using property 2, we can show that

(=a)(=b) = ~((-a)b) = ~(~ab) = ab
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Units

Definition 2.6: Let R be a ring with unity 1 # 0. An element # € R isaunit of R if it has a
—— —_—

—_—
T . - - P . -1
multiplicative inverse in K. That is, for w € R, there exists an element #~ € R where
——— i

—r
wnt = u=1eR. If every non-zero element of R is a unit, then R is a division ring.
T— P +
A field is a commutative division ring. -
——

Examples of Fields

The real numbers R and rational numbers (0 under the operations of addition + and
multiplication - “are Tields. However, the integers Z under addition + and multiplication -

is not a field since the only non-zero elements that are units is -1_and |. For example, the
integer 2 has no multiplicative mverse since 3 eZ.

r—
——

Example 5: Describe all units of the ring Z.

SRS a2
(") (’ ’) = ’ ma l]lflo/!aﬂz"(, jansst) a“t %'me /J
C"’] (:,[ - ' B ,,/Lu Ll Lre )4%&566

Example 6: Describe all units of the ring R . [\/(‘,{ hé _I;

/4// no g e ﬂcx/) al um/; Sl
k | £ o
' | e
05”3/(4)(7j: ,/ g;/q‘lg ,Mvtl?('//’/JCé 64#
i
Example 7: Describe all units

Smu#c D Uty elewent i (// I)
)00 = (b))
() (Y= (1)
EL) Gy = (1)
(L=9) (1 -1) = (‘/L/

Solution:

)// UM&%g avC

(o Ch-t), (4, ()
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9
Tatys - j
Fact: For 7. xe 7, is a unit only when ged(x,m)=1. ﬂ({ { M,:jfwl , g- 5 6/ [/ Z j M /
Examplej:_l dT_i the or the ring 7).
Solution: ~ g& (/ 2/ 3 9/ X_/ QJ
%

Mm: //3,

71

Example 9: Find all of the units for the ring Z5.

Solution: 27 _ ({0/ I l{/ 4)7 R J'//mo
1234 5

ol 5L e (ol )
I~ 4.d()7) = m/[?,?jbﬁ,,/[g 1)
= §/¢1/7} = 7/»/((7/;4(/%/ z

Note: If pis a prime, then Z, = {0,1.2,3,... p—1} is a ficld since all non-z

units, —

~— —— ~
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. Compute the following products in the given ring.

. Show that x°

. . 2 2 2.
. Show for the nal the expansion (x+ y)° = x~ + ¥~ is true.
— ———

5:52 PM

Exercises

. Determine if the following sets under the usual operations of addition and

multiplication represent that of a ring. If it is a ring, state whether the ring is
commutative, whether it has a unity element, and whether it is a field. If it is not a ring,

indicate why it 1s not.

a.  Z under usual addition and multiplication. |

b. JR under usual addition and multiplication, (/‘l {l # s

¢, Z=Z under usual addition and multiplication by components.

d. Theset M5(R)} of invertible 2= 2 matrices with real entries under usual addition
and multiplication.

Z % 2Z under usual addition and multiplication by components.

2BV

[+

f. Z7 under usual subtraction and multiplication.
———

-—

a. (10)8)in Z5

b. (8)(3)in Z;5

¢ (-10)4)in Z44
—

d (233,95 in Zsx 7,

¢ (5,34, -T)in Z, % Z,,

Describe the units of the given rings.

Zs
e Zg

—J-J =(x+yHx—y) forallx. yinaring # if and only if & is
commutative T ——— —_——

Let (R,+) be an abelian group, Show that (R, +,-) is a ring if we define ab =0 for all
ahs R.

so1 ] ;

(A //(5[/'; WA 2

(ry)
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8

7. Show for the ring Z ,, where p is prime, that the expansion (x + y)¥ = x7 + 3 is true,
Hint: Note that for a commutative ring, the binomial expansion

Y \ PR ’ \
(a+h)" =[ " Ja” +I " |.r:"_|b +| " |a”_2f;2 +---+| " Jab”_] +[ " Ja”,
|0 L1 2 L1 n // é /
ol b~
(n nl 'YL [l)(r LJ l CM/
where t }— ——, is true. [
¥ rlin—r)! (’/[ ‘/ _ UC

8. Show that the multiplicative inverse of a unit in a ring with unity is unique. [71 / ﬁ
esyrc u/w/(‘/‘ M VTIp1a7 167

{ 9. An element of a ring R is idempotent { / 7’& S Z" v ¢

. Shmlv lll'ml 1.}": set of all idempotent eléments of a commutative ring is closed under ’? 72/](/ h/a ///[M f?d (4/4% e /C“"(W 7}

multiplication.
b. Find all idempotents in the ring Z = 7, .

c. Show that if 4 is an 7 n matrixSuch that A# is invertible, then the 1 x i matrix a ﬂ 1

B(AR)™' 4 is an idempotent in the ring of 5% n matrices. P
Thiq 4 b = —L

,
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Ve Muﬂl’ 5%4/ ( jj
2 ;0‘,««///2;0 4.4 — (d é/(g!
2 - Om/é;O/ 7 ]7_,“‘/[2’// C ) _§— -
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s 70l
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