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Section 3: Integral Domains and Fields
HW p. 10 # 1-10 at the end of the notes

Suppose we are asked to solve the equation
x*—6x+8=0 /
——
over the real numbers R .

Over R, a-b=0 onlywhen a=0 or h=0.

—_— —_—

Hence, we solve this quadratic equation as follows:

X’ —6x+8=0
(x=2)x—-4) =0
x=2=0or x=4=0

Tyx=2,x=4

However, suppose we are asked to solve the equation

¥ —6x+8=0
o

/_—
over Z;,. Since X —bx+8= (x=2)(x—4), x=2 and x =4 are solutions. However,
x =8 is a solution since ;T

(x—2)(.\‘—4)=(8—2)(8j_=6‘4=2i=24(m0d12}=0

< ——— >

More than 2 solutions exist because 6 and 4 are zero divisors. That is, 6-4 =0 in 2|,
even though 6 =0 and 4 = 0. — -—

J{/ Definition 3.1: If @ and b are two non-zero elements in a ring R such that ab = 0, then a
and b are divisors of zero (or zero divisors). _ ——
;

For example, in Z,,, 2,4, 5, 6, and 8§ are zero divisors since
—_—

2.-5=10(mod 10) =0, 4.5=20(mod 10)=0,
5-6=30(mod 10)=0, 5-8=40(mod 10)=0
A
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Theorem 3.2: In the ring Z,_, the divisors of zero are precisely the non-zero elements

—— e

that are not relatively prime to m, that is, x is a divisor of zero if ged(x,m) > 1.
e o —— —

Proof: Let xe Z,,, x # 0 and suppose that ged(x,m)=d >1. Then d|x or x =kd for
—— ——— — —
some non-zero integer x. Also, d | m or m =Id for some non-zero integer /. Now

— —— —

sl=kdl=kigd ) = 0.

= 1n0221’
Thus, x 1s a zero divisor if ged(x,m) > 1. Now, if ged(x,m) =1, then if x is a zero divisor,
there exists an s € Z,, where _

— xs = 0(modm).
-
InZ,,if x.s;z()(ﬂ‘;Lthen m|(xs—0) or m|xs.Since ged(x,m)=1, m|s or
~— ;-__—’— —_— N —

m|(s—0). Thus s =0(modm) or s =0 in Z,,.
- — i

Corollary to Theorem 3.2: If p is prime, then ged(x, p) = Ifor all non-zero x € Z,. Thus,

. —_— —
there can be no divisors of zero. —
e

Aample 1: Find all solutions of x* +2x+5=0 in Zﬁ.‘
—% —
—— ~
Solution: We are looking for values of x € Zg = {0,1,2,3,4,5,6,7} where x> +2x45=0.
These values are found by testing all the values in -Z?for x. Substituting in, we obtain
2_/,2
¥ tixt
x=0= (0 +2(0)+5=5%0

-—
x=1= 07 +2()+5=8 = 0

mod 8
x=2=(2+22)+5=13 = 50
mod 8
x=3=03)+23)+5=20 = 420
mod 8
x=4=(4)%+2(4)+5=29 = 5£0
mod 8
t/x=5:>(5)2+2(5)+5=40 =0
~Thod &
"
Xx=6=(6)7+2(6)+5=53 = 5%0
mod 8
x=T7=(7)+2(7)+5=68 = 420
mod 8
Thus, x ~1 and x = 5 are solutions. [ |

\_\
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Cancellation Laws

Let R be aring, and let a,b, c € R. The left multiplicative cancellation laws hold in R if

ab = ac with a # 0 implies b = ¢ . The right multiplicative cancellation Taws hold in R if
ba = ca with a # 0 implies b=c. E—

—_—

Theorem 3.3: The cancellation laws hold in a ring R if an only i( R has no zero divisors. >
—4"‘;—8——\ =

Proof: = Suppose both the left and right cancellation laws hold and suppose

—

= ab=0.
=
If @ # 0, then we can write
—~——~
Since
bh=p0,

we can use the left cancellation law and see that 5=0. If b = 0, then we can write
~m—— ——

ab=0=05b

~7
a?/zo s

we can use the right cancellation law and see that @ = 0. Hence, there are no zero

Since

divisors. ~~
<= Now, suppose that R has no zero divisors. Suppose for a = 0 that
ha=— S _
ab = ac
—-—
Since R is a ring, the addition inverse of ac, —ac, exists. Hence we have
ab—ac=10

or
alb—c)=0.
_—  —

Since a # 0 and R hzf_tfo/z_c&@sors, we must have

b—c=0

e —

or b =c. The right cancellation law follows similarly.

~—
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Definition 3.4: An integral domain D is a commutative ring wigh unity 1= 0 thht contains

no zero divjsors.
L

Examples of Integral Domains

The integers Z, the integers modulo p, Z ,, where p is prime, and the real numbers R,
//_

are all examples of integral domains.

Examples of Rings that are not Integral Domains.

—————— e
1. Z, if nis not prime. For example, Z,, has zero divisors. For example, 4-6 =24 = 0.
—_— —-—f — mod12

2. ZxZ isnot an integral domain. For example, (7,0),(0,5) € Zx Z,where r #0, s # 0.
- ——— S——
However, (r,0)x(0,5)=(r-0,0-5)=(0,0). -
—

—— .

3. M,(Z) is the set of 2x2 matrices with integer entries.

T e o)

7‘
4, 27=4..-8,-6,—-4,-2,0,2,4,6 8,...} 1s not an integral domain. 27 has no zero
divisors bufit does not have the unity element since 1¢ 27 .
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Theorem 3.5: Every field F is an integral doma
——

KY /{l/m‘f'tm a %M/(// aq (amm,,,%ﬁ/z’/ V(ﬂ}/ ;,4J A‘._( %/'L Uae j/;/;;[ﬂ

Td SLW F 244.\ noe 2w /t\/a.sw/; Sappal e Z/m/c/ d/éz‘}i

ﬂ-ﬁo UL/LI(«/C (Ua,,’lL.‘Zy _{[144}
ﬂ = O L= 0

Sace s 4 f,cl,/ T F o4+ 0/ a 6)61\576 /
ik = O
-/

}‘/f"t/c /ﬂl(/c. 4.C ne P /;/1_/&// 4 /’ )C S an
/ T degd Aemar !
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Theorem 3.6: Every finite integral domain [ is a field.

Proof: Let 0,1,a;.a,...,a, be)'s elements. We need to show for each non-zero a = [,

there exists b e [ where ab =1 (we want to show every non-zero element has a
multiplicative inverse). Consider the non-zero elements of 1)

Lay,as,....a,

—_—

and consider the list of elements

a-laay, aa,,...,aa, e l/(/k _' jw’éﬂ/j 2— I_( an

Mote each aa; # 0 since [7 is an integral domain and has no zero divisors. Also, all of the

elements of * are distinet for if %-4//( /-A dl4 A A." 2 /C"

aa; = aa; ) %7/4/ é’l‘l/' ﬂC?‘ o
Then, . /l‘ 7L a e //
—

———

/ / —
by the left cancellation law. Hence, * and ** are just the same elements reordered. One of

the elements in ** equals | in *. That is, either
a-l=1.
which implies & = | and « is its own multiplicative inverse or

aa; =1

and g, is the multiplicative inverse of . Thus, each arbitrary a in [J has a multiplicative
inverse and D is a field.

Note: Foraring B, if e e R and ne 77, then

na=a+a+a+...a
-

n limes
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Definition 3.7: For a ring R, if there is a positive integer where na =0 for all a € R for
all @ € R, then the smallest such positive integer where this is true is called the
characteristic of the ring. If no such positive integer exists, then R is of characteristic 0.

Example 1: What is the characteristic of Z,,?

Solution:

Example 2: What is the characteristic of Z, 0, R, and C?

Solution:

Theorem 3.8: Let R be a ring with unity. If #:1#0 forall ne Z™, then R has

characteristic 0. If #-1=0 for some ne Z", then the smallest such positive integer # is the
characteristic of R.

Proof: If n-1#0 forall ne Z*, then we surely cannot have n-a =0 forall a e R for
some positive integer n. Hence, by Definition 3, R has characteristic 0.

Now, suppose there is a positive integer # such that »-1=0. Then, for any a € R, we have

na=a+a+a+..a=a(l+l+1+..h=ar-N)=a(0)=0

ntimes n times

Hence, by Definition 3, the result follows.
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Example 3: What is the characteristic of Zx Z?

Solution:

Example 4: What is the characteristic of Z,,?

Solution:

Example 5: What is the characteristic of 57 ?

Solution:

Example 6: What is the characteristic of Zy x Z,?

Solution:
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Example 7: What is the characteristic of Z3 x577?

Solution:

Recall that the binomial theorem say that

n n n n n
(a+b)" = a’ + a" b+ a" % e ab"™ + a”
0 1 2 n—1 n

n ! . . . .
where [ Jz ﬁ . This fact can be useful in polynomial expansion.
r) rin-r)!

Example 8: If R is a commutative ring with unity with characteristic 4, compute and
simplify
(a+b)R where a, be R.

Solution: Recall that the binomial theorem says that

n n n n n n !
(a+b)" =" la"+| |a"b+| |a" B +...+ ab" ' +| " " where S
0 1 2 n—1 n r) o orl(n—r)

Hence,

8 8 8 8 8 8 8 8 8
(a+ 5)8 = [0}:8 + (1}185 + [2}1%2 + (3}:553 + (4}:4{54 + [S]asbs + [6}121’)6 + (?)ah? + (8})8

=a® +8a’b+ 28a°b* + 56a°b° + 70a*b* + 56a°h” + 284°h° + 8ab” + b*

=a® +4(2a"h) + 4(7a°h?) + 4(14a°b%) + 68a*b* + 2a°b* + 4(14a°h°) + 4(7a’b®) + 4(2ab") + b°
=a"+0+0+0+4(17a*p*) +2a*p* +0+ 0+ 0+ 5

=a® +0+2a°p* + 4"

=a* +2a*h* +b°
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Exercises

1. Find all solutions to the following equations.
a. x°—2x>-3x=01in Z,.
b. The equation 3x =2 in the field Z;,.
c. Find the solutions of x% +2x+2=0 in Z,.

d. Find the solutions of x* +2x+4 =0 in Zs.

2. Find the characteristic of the given ring.

a. 37

b. ZxZ
C. ZyxZy
d. ZyxZ,
e. ZgxZs

3. Let R be a commutative ring with unity of characteristic 4. Compute and simplify
(cr+b}4 for a,be R.

4. Let R be a commutative ring with unity of characteristic 5. Compute and simplify
(a+b}5 for a,beR.

5. Let R be a commutative ring with unity of characteristic 3. Compute and simplify
(a+b)’ for a,beR.

6. Let R be a commutative ring with unity of characteristic 3. Compute and simplify
(a+b}6 for a,be R.

2 4
7. Show that the matrix [4 8} is a zero divisor in M, (Z).

8. Prove that a unit in a commutative ring cannot be a zero divisor.

9. An element of a ring R is idempotent if a’ = a. Show that a division ring contains
exactly two idempotent elements.

10. Show that the characteristic of an integral domain D must either 0 or a prime p. Hint: If
the characteristic of D is a composite number mn, consider (m-1)(n-1) in D.

Section3Math623 Page 17





