Section 8.5: Power Series

Practice HW from Stewart Textbook (not to hand in)
p. 598 # 3-17 odd

Power Series

Definition: A power series is an infinite series of the form

o0
ey X" =+ X+ X% +Cax% o+ e X"+
n=0

or more generally, a power series centered at a constant a is given by

o0
> cn (x—a)" =co +Cy(x—a) +Cy(x—a)? +ca(x—a)° +...+c (x—a)" +...
n=0

Recall that n factorial is represented by n! and is given by
nl=n(n-1)(n-2)(n-3)---3-2-1

Examples of Power Series

1. We will soon learn that

is a power series centered at O that can be used to represent e* exactly.
2. z n?x" isa power series centered at 0.
n=0

0

(x=2)" . :
3. Y ~=——"— isapower series centered at 2.
o(n+1)3"



Convergence of a Power Series

For a power series centered at a, precisely one of the following is true.

1. The series converges only at a.

2. There exist a real number R > 0 such that the series converges absolutely for
[x—a| <R and diverges for [x—a| > R.

3. The series converges for all real numbers.

Notes

1. Ris called the radius of convergence. The set of all values of x for which the power
series converges is called the interval of convergence.

2. |x — a| < R represents the values of x whose distance from a is smaller than the radius of
convergence R. In interval notation, means —-R<x—-a<R or —-R+a<x<R+a.

3. A useful property for the absolute value is that for any two numbers a and b,
|ab|=al|b].

4. To determine the initial interval radius of convergence, we use the ratio test (see
below).

5. It may be possible to extend the interval of convergence to the endpoints of the

interval found by the ratio test. This involves using the series convergence tests
studied in previous sections.

Given an infinite series Zan .

1.
2.

3.

Ratio Test

a
n_+1<1_

Zan converges absolutely if lim
an

N—o0

an+1

an

L
>1or lim =) =

n—o| ap

> a, divergesif lim

N—o0

an+1
an

The ratio test is inconclusive if lim =1.

nN—oo




Example 1: Determine the interval of convergence and radius of convergence for the

0 Xn
series » —.

2

n=0

Solution:



Example 2: Determine the interval of convergence and radius of convergence for the

o0
series Y. n°x" .
n=0

Solution:



Example 3: Determine the interval of convergence and radius of convergence for the

o0
series z nix".
n=0

Solution:



Example 4: Determine the interval of convergence and radius of convergence for the

0 _ n
series ZM

n—o(n+1) 3"
i : : (x-2)" :
Solution: To set up the ratio test, we start by letting a, = ———. Replacing every
(n+1)3"
(X_Z)I’H-l B (X—Z)n+l

occurrence of n with n + 1 gives a4 = . We then

(n+1)+1) 3™  (n+2)3™t
determine the interval of convergence using the ratio test as follows:

(X_ 2)n+1
fim 20| _ i |(0+2)3™
n—oo| ap nN—o0 (X—Z)n
(n+1)3"
__ o+l n
= Iim| (x=2) 1 (n+1)3 | (Take the reciprocal of the denominator and multiply)
n>=|(n+2)3™ (x-2)" |
_im |(x -2)" (x=-2)(n+1)3" | ( Use property of exponentsb™*Y =b*p?Y )
n>w  (n+2)3" 3L (x-2)" (x=2)™ = (x=2)" (x—2), 3™ =3"3!
— n pa—
= lim |@\2) (x 21) (n +1ﬁn| (Cancel common terms in numer and denom)
o0 (n+2)8° 3t e2)" |
_ lim| =20 (0+D)| (Simplify)
n—o| 3 (n + 2) |
= lim (x=2) | n+l | (Use multiplication property of limits)
n—w| 3 | n+2 |
_im (x-2) lim " +1 Break limit into termsinvolving x and n
oo 3 n—o N+ 2 Since n — o, n > 0 and absolute value can be dropped
= lim % (1) (Use L'Hopital's rule to evaluate limit involving n
N—o0
x-2} Since limit involves variable n, limit of terms
-3 involving x is treated as constants

(continued on next page)



an+1
an

< 1. Hence, this means that from the result on

For a power series to converge, lim
N—o0

the previous page, X ; 2] <1l or|x—2|<3. Thus, the radius of convergence is R = 3|.

Since | x—2|< 3, by the definition of absolute value, —3 < x—2 < 3. Adding 2 to each

side of the inequality gives the interval of convergence for the series, —1< x <5. We can
possibly increase the size of the interval of convergence by testing the endpoints, that is,

. . & (x=2)"
by testing whether the given series > ~———

(213 is convergent at x =-1 and x = 5. We
n:0 n+1 3

test these endpoints as follows:

_ > (-1-2)" RS (-3)"
"= 1:§(n+1)3” nZ:;)(n+1)3”

& (=" 3" (Use law of exponents (ab)" =a"b"
a0 (n+1)3" (-1-3)" = (-)" 3"

= i% (Simplify)

0 n
We can, by the alternating series test, show that the Z% series is convergent. Note
n+
n=0

. . 1 .
that this is true since for a,, = ——, generating terms of the sequence we see that
n

+1’
1 1 1 1
1. = >=>=">=>
2 3 4 5
2. lim—=0
n—woN+1

o]

_ n
Thus the series ZM IS convergent at x = -1,
n:0 (n +1) 3n
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For the endpoint x =5

G-2)" & o
5 Simpl
S Z:(n+1)3” Z n+1)\3Jl (SImplie)

Z n+1)

The series Z ( 1) can be shown to be divergent by the limit comparison test. The
o(n+
: . . . I | . 1 1
series we will compare this series with is Z— . Then, setting a, =—— and b, =—,
—on n+1 n
we have
Then
1
lim 20— jm N1
n—o bn n—oo 1
n
= lim B (Take the reciprocal of denominator and multiply)
nson+1 1
. n
= lim —
nowo N+1
= lim 1 (Apply L'Hopital's rule for the indeterminate form f)
n—ol o0
=1>0

Thus, the limit comparison test will apply. Since the series Zi \Where p=1<1,isa
n
n=0

is

© o\
divergent series, the series ) diverges. Hence, the series Z (x=2)
n=0 (n +1) n= O(n +1) 3n

divergent at x = 5.

n
Summarizing, the series z (x=2) is convergent at x = -1, -1 < x <5, and divergent at

o(n+1)3"
x = 5. Thus the interval of convergenceis | —1<x<5 or[-1,5) | ininterval notation.




