Section 9.2: Vectors

Practice HW from Stewart Textbook (not to hand in)
p. 649 # 7-20

Vectors in 2D and 3D Space

Scalars are real numbers used to denote the amount (magnitude) of a quantity. Examples
include temperature, time, and area.

Vectors are used to indicate both magnitude and direction. The force put on an object or
the velocity a pitcher throws a baseball are examples.

Notation for Vectors

Suppose we draw a directed line segment between the points P (called the initial point)
and the point Q (called the terminal point).

Q

-
We denote the vector between the points P and Q as v = PQ. We denote the length or
magnitude of this vector as

-
LengthofV:|v|:‘ PQ‘



We would like a way of measuring the magnitude and direction of a vector. To do this,
we will example vectors both in the 2D and 3D coordinate planes.

Vectors in 2D Space

Consider the x-y coordinate plane. In 2D, suppose we are given a vector V with initial
point at the origin (0, 0) and terminal point given by the ordered pair (v;,V,).
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The vector v with initial point at the origin (0, 0) is said to be in standard position. The
component for of V is given by v = <v,v, >.

Example 1: Write in component form and sketch the vector in standard position with
terminal point (1, 2).

Solution:



Vectors in 3D Space

Vectors is 3D space are represented by ordered triples V= <Vj,V,,V3 >. A vector V is

standard position has its initial point at the origin (0,0,0) with terminal point given by the
ordered triple (v,V,,V3).
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Example 2: Write in component form and sketch the vector in standard position with
terminal point (-3, 4, 2).

Solution:



Some Facts about Vectors
1. The zero vector is given by 0 =<0,0>in 2D and 0 =<0, 0, 0 > in 3D.
2. Given the points A=(X;,Y;) and B =(X,,Y,) in 2D not at the origin.

Ty B =(X5,Y5)

-
a=AB= <a1,a2 >=< X2 _XlayZ _yl >

A:(Xl’yl)

v

-
The component for the vector a is given bya = AB= < a;,a, >=<X, =X, Y, = Y; >.

Given the points A =(X;,Y;,Z;) and B =(X,,Y,,Z,) in 3D not at the origin.

a

z B=(X,,Y,,25)

-—
a=AB=<aj,a,,a; >=< Xy, = X{,Y2 = Y1,Z5 — 21 >

A= (Xlayl,y

A 4

X

-
The component for the vector a is given by a = AB= < a;,a,,a3 >=< X, = X;, Y, = ¥1,2Z, —Z; >.



3. The length (magnitude) of the 2D vector a = < a;,a, > is given by
la| = af +a3
The length (magnitude) of the 3D vector a = < a;,a,,a; > is given by

la| = \al +a3 +a3

4. If |a] =1, then the vector a is called a unit vector.
5. |a| =0ifand only ifa=0.

Example 3: Given the points A(3, -5) and B(4,7).
-
a. Find a vector a with representation given by the directed line segment AB .
b. Find the length | a | of the vector a.
-
c. Draw AB and the equivalent representation starting at the origin.

Solution:



Example 4: Given the points A(2, -1, -2)and B(-4, 3, 7)..

-
a. Find a vector a with representation given by the directed line segment AB .
b. Find the length | a | of the vector a.

-
c. Draw AB and the equivalent representation starting at the origin.

Solution:



Facts and Operations With Vectors 2D

Given the vectors a = < a;,a, > and b = <b;,b, >, k be a scalar. Then the following

operations hold.

1. atb=<a;,a, >+<b;,b, >=<a, +b;,a, +b, >. (Vector Addition)
a-b=<a,a, >—<b;,b, >=<a; —b;,a, —b, >. (Vector Subtraction)

2. ka=k<aj,a, >=<ka;,ka, >. (Scalar-Vector Multiplication)

3. Two vectors are equal if and only if their components are equal, that is, a = b if and
onlyif a; =b, and a, =b,.

Facts and Operations With Vectors 3D
Given the vectors a = < a;,a,,a3 > and b = <b;,b,,b; >, k be a scalar. Then the

following operations hold.

1. a+ b =< al,a2,8.3 >+ < bl’b2>b3 >=< al + b1,612 + b2,8.3 + b3 >, (VeCtOI‘ Addltlon)
a-b=< al,az,a3 >—< bl’b29b3 >=< al —bl,az - bz,a3 —b3 >, (Vector SUbtraCtion)

2. ka=k<a,a,,a3 >=<ka;,ka,,ka; >. (Scalar-Vector Multiplication)

3. Two vectors are equal if and only if their components are equal, that is, a = b if and
Ol’llylf a4 :bl, a, :bz, and ds :b3.



Example 5: Given the vectorsa= < 3,1 > and b= <1,2 >, find

a.a+b c.3a-2b
b.2b d.|3a-2b|

Solution:



Unit Vector in the Same Direction of the Vector a

Given a non-zero vector a, a unit vector U (vector of length one) in the same direction as

the vector a can be constructed by multiplying a by the scalar quantity L| , that is,
a

forming

a

S 1 . . o
Multiplying the vector | a | by ﬁ to get the unit vector U is called normalization.
a

v
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Example 6: Given the vector a=<-4, 5, 3>.
a. Find a unit vector in the same direction as a and verify that the result is indeed a unit vector.
b. Find a vector that has the same direction as a but has length 10.

Solution: Part a) To compute the unit vector U in the same direction of a =< -4, 5, 3>, we
first need to find the length of a which is given by

1a]= (42 +(5)* +(3)2 =V16+25+9 = /50 =+/25-2 =542

Then

u=ta=t < 4s53ec. > 3 L2

PR - ) s >=<- s — >
lal 542 54275727542 542772 75\2

For u to be a unit vector, we must show that | u | = 1. Computing the length of | u | we obtain

o) () () S e e B - (i

Part b) Since the unit vector U found in part a has length 1 is in the same direction of a,
multiplying the unit vector u by 10 will give a vector, which we will call b, with a length of
10, in the same direction of a. Thus,

3 40 10 30 &8 10 6

4 1
R A SN M-S R SN ;e

The following graph shows the 3 vectors on the same graph, where you can indeed see they
are all pointing in the same direction (the unit vector U is in red, the given vector a in blue,
and the vector b in green.

b=10u=10<
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Standard Unit Vectors
In 2D, the unit vectors < 1, 0 > and < 0, 1 > are the standard unit vectors. We denote these

vectors as | = <1,0>and j =<0, 1 >. The following represents their graph in the X-y
plane.

Aky

(09 1 ) _ll\_

v

|
T
(1,0) X

Any vector in component form can be written as a linear combination of the standard unit
vectors i and j. That is, the vector a = < a;,a, > in component for can be written

a=<a,a, ><a,0>+<0,a, >=a, <,0>+a, <01>=a; i+ a, ]

in standard unit vector form. For example, the vector < 2, -4 > in component form can be
written as

<2,-4>=2i—-4j

in standard unit vector form.
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In 3D, the standard unit vectors are i = <1,0,0>, j=<0,1,0> andk= <0,0, 1>,

A

A

0,0, 1y A&

J\I
“

(1,0,0) I 0,1,0) y

v

Any vector in component form can be written as a linear combination of the standard unit
vectors i and j and k. That is, That is, the vector a = < a;,a,,85 > in component for can be
written

a:
<ap,a,,a3 >=<a;,0,0>+<0,a,,0>+<0,0,a; >=a, <10,0 >+a, <0,1,0>+a; <0,0,1 >
=a it+ta,jt+tazk

in standard unit vector from. For example the vector the vector <2, -4, 5 > in component
form can be written as

<2,-4,5>=2i—-4j+5k

in standard unit vector form.



Example 7: Given the vectors a=1+2j+3k, b=2i+2j—-k,and ¢ =4i -4k, find
a. a—b
b.|la—Db|

cJSa—3b—lc|
2

Solution:
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