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Section 2.5: Infinite Sets
Practice HW from Mathematical Excursions Textbook (not to hand in)

p. 107 # 1-23 odd
So far, we have studied finite sets. In this section, we examine the concepts of infinite sets and a way to classify them. To understand how an infinite set can be classified, we first need to the concept of a one-to-one correspondence.
One-to-One Correspondence

Definition: A one-to-one correspondence between two sets A and B is a rule or procedure that pairs each element of A with exactly one element of B and each element of B with exactly one element of A.
For finite sets, it is easy to establish a one-to-one correspondence.

For example, a one-to-one correspondence between the sets 
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However, this is not the only way the one-to-one correspondence can be set up.
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The next example shows an example of two sets where a one-to-one correspondence cannot be set up.
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Recall the cardinality of a set is the number of elements in that set. Two sets with the same cardinality are equivalent. A one-to-one correspondence can be used to establish the equivalence between two sets.
One-to-One Correspondence and Equivalent Sets

Two sets are equivalent, denoted by 
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, if and only if A and B can be placed in a one-to-one correspondence.
Infinite Sets

One-to-one correspondences are important in establishing the classifying and establishing the equivalence of infinite sets.  We define infinite sets next.
Definition: A set is an infinite set if it can be place in an one-to-one correspondence with a proper subset of itself (recall B is a proper of subset of A, denoted 
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Example 1: Show that the set 
[image: image9.wmf]}

,

3

 

,

 

15,

 

12,

 

9,

 

6,

 

,

3

{

K

K

n

 is an a subset by establishing a one-to-one correspondence between a it and a subset of itself. State a general rule that can be use to pair the elements of the sets.
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The Cardinality of Infinite Sets

Recall that the set of natural numbers (counting numbers) is given by the infinite set 
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The symbol 
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 (read as aleph-null) is the symbol used to represent the cardinality of the natural numbers, that is, 
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. This symbol is used to represent the cardinality of many infinite sets. We can show this by setting up a one-to-one correspondence between the given set and the natural numbers.
Note: An set where a one-to-one correspondence can be set up with the natural numbers N (both have cardinality 
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) is said to be countable.

Some Common Sets with Cardinality  
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The integers 
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To show the one-to-one correspondence with N,  rearrange the integers as follows:
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We use the following two correspondence formulas:
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(for even natural numbers)
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(for odd natural numbers)
2. 
The set of positive rational numbers 
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. The one-to-one correspondence with N can be shown with following array:
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Starting from the upper left arrow and following the direction of the arrows (disregarding the cross out numbers) gives the one-to one correspondence.
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 Example 2: Show that the give set 
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 has cardinality 
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 by establishing one-to-one correspondence with the set of natural numbers N.
Solution:
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Note: Sets with the same cardinality, including infinite sets, are equivalent. Thus, since the natural numbers N, integers I, rational numbers Q, and the set in Example 2 all have cardinality  
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. Thus, these sets are all equivalent. The following table summarizes of the most common countable infinite sets.
Cardinality of Some Common Countable Equivalent Infinite Sets

	Set
	Cardinality

	Natural Numbers, N
	
[image: image25.wmf]0

À



	Integers, I
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	Rational Numbers, Q
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Uncountable Sets

Sets where a one-to-one correspondence with the natural numbers N cannot be established are said to be uncountable. For these sets, we assign the cardinality as c, which stands for continuum. The following table summarizes some of the more common uncountable sets.
Cardinality of Some Common Unountable Equivalent Infinite Sets

	Set
	Cardinality

	Irrational Numbers
	c

	Intervals of the form 
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